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Abstract-In this paper we present an application of the theory of traRlc flow formulated by Lighthill 
and Whitham to problems where a section of a road imposes different conditions on the flow of cars. To 
represent these situations mathematically, we use a different flow-density relationship which contains 
implicitly the changes in the properties of this special section of road. 
With this approach we analyze first some simplified problems of this type, the solutions of which are 
of use in more complicated problems. Also, we obtain the corresponding steady-state solutions and discuss 
their stability. Finally, to illustrate these ideas on more realistic situations, we obtain the solutions of the 
flow produced by heavy rain on a section of a highway and by the slowing down of a convoy of trucks 
moving on one lane of a three-lane highway. 
1. INTRODUCTION 
The purpose of this paper is to show how variable conditions along a road can be represented 
with a very simple model to obtain, for these types of situations, a good qualitative description of 
the traffic pattern. The particular problems we will be interested in here are those in which a 
portion of the road has a distinct property that causes an alteration in the flow of cars. This special 
section of the road can be a slippery surface or a convoy of military equipment moving slowly on 
one lane of a three-lane highway. 
The approach followed is the well-known continuum formulation proposed by Lighthill and 
Whitham [l] and by Richards 121. The variables that we will be concerned with are the density 
of cars p, the traffic flow F and the velocity u. According to this model, these variables are related 
by the following equations. 
(1) The first equation, representing conservation of cars, is 
ap aF 
z+-&=o. 
(2) The second equation, defines the flux F in terms of the 
F = pu. 
given as 
velocity D: 
(1) 
(2) 
(3) The third equation, which is based on experimental results, is the assumption that the velocity 
(and therefore also the flow) depends only on the density. In mathematical form we have 
u = U(P) and F = F(p). (3) 
These relationships, from intuitive considerations, should have the forms shown in Fig. 1. It is 
important 
(a) 
(b) 
to highlight some of their properties which will be used later on: 
The maximum speed u,,, corresponds to zero density and is given in the flow- 
density diagram by the slope of the line tangent to this curve at p = 0; i.e. 
0 max = F’(O). 
The maximum density pmax represents the situation where the cars are completely 
stopped, bumper to bumper. Therefore this property depends only on the average 
length of the cars. 
1 
(4 
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There is an optimal density pop corresponding to maximum flow which divides 
in a natural way the traffic into two regimes: when p < pop it is called light traffic 
and when p > pop it is called heavy traffic. The value F,,, = F(p,,) should be 
interpreted as the maximum capacity of the road. 
To obtain the solution to equations (l)-(3) in a particular problem the method of characteristics 
is used (see, for example, Haberman [3] for a detailed explanation). Here, we will state only the 
results needed later: 
(4 
(b) 
(4 
The characteristics are straight lines with slope F&J, where pO is the prescribed 
density at the point from which the characteristic will emerge. 
In cases where the characteristics intersect each other, a shock is introduced to 
fix this situation. This shock represents a discontinuity in the variables and has 
a speed U, that depends on the conditions ahead of it (+) and behind it (-), 
and is given by 
u _ F+ -F- 
s- (4) 
P+ -p-’ 
Graphically this speed can be obtained from the flow-density diagram, by the 
slope of the secant line connecting the points (p- , F-) and (p + ,F,). 
Discontinuities in the variables can only be maintained if p- < p+ . In cases 
where an empty region is formed due to a discontinuity in the density (but such 
that p_ > p+) a fan of characteristics representing an expansion wave is formed 
which will fill up this region. 
2. CHANGE IN u,,, 
In this first part of the paper, we would like to analyze situations in which, for some reason, the 
vehicles on a section of the highway are forced to slow down or to speed up. This section for 
example can represent an uphill or downhill part of the highway or some special condition like 
heavy rain. In Fig. 2 we illustrate this region with a broken line. 
The properties that characterize this type of problems are the following: 
(a) The maximum density pmax of this special section will be the same as for the rest 
of the highway. This is quite obvious, since prnax represents the density when the 
. highway is packed (bumper to bumper). 
V 
Fig. 1. Dependence of speed v and flow F on density p. Fig. 2. An illustration of the type of problems posed. 
(W 
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The maximum speed of the vehicles u,,, will be different. This is also to be 
expected, since a car alone on the highway (p = 0) will for example reduce its 
speed on an uphill, or if heavy rain begins to fall. 
To introduce these properties in the model, a different speed-density (and therefore also flow- 
density) relationship will be associated with this special section. In Fig. 3, this is shown graphically. 
The fast portion of the road is shown by a solid line and its flow-density relation denoted by 
F = F(p). The slow portion is shown as a dashed line and its relation denoted by f = f(p). The 
degree to which these two graphs are different will depend on how much the conditions on the 
road change. Also indicated in Fig. 3 are marked four different regions, R,, R,, R, and R,, for 
future reference. 
A. Injinite Section 
For simplicity, we will assume first that the special section of the road is infinite in length and 
that the property that makes it different lasts forever (the solution to this case will be very helpful 
when we analyze a more realistic problem later on). The two possible configurations of the road 
are shown in Fig. 4. 
Also, to make the problem trackable we will impose the following initial conditions: on both 
portions, the density will be constant; in the fast one p = D and in the slow one p = d. 
We will discuss only the possible solutions of configuration (a) in Fig. 4 [the solutions to the 
reverse situation (b) can be obtained simply by reflecting on the t-axis the x-t diagram of the 
corresponding solution of configuration (a)]. For this configuration, the characteristics in the first 
quadrant (t 2 0, x > 0) will have slopes determined by the F-curve and those in the fourth quadrant 
(t 2 0, x < 0) by the f-curve. It will be discussed later, how to join these along the t-axis. 
Case 1. “D and d light” 
We start with the case in which the initial values of the density, D and d, represent light traffic 
(region R, + R2 in Fig. 3). In these circumstances, the characteristics leaving the x-axis, where the 
initial conditions are imposed, have positive slopes. This implies, as is shown in Figs 5(a, b), that 
only the characteristics emanating from the negative part of the x-axis reach the t-axis (this is the 
boundary of transition between these regions). The question now arises as to how are we going to 
continue these characteristics into the first quadrant. These characteristics bring with them the 
values d and f(d) for the density and flow and, at first glance, it would seem reasonable to transfer 
these values to the other side of the t-axis. However, we cannot keep both the density and the flow 
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Fig. 3. Properties of the fast section are shown with 
solid lines and the corresponding ones of the slow 
Fig. 4. Fast section ahead (a) and behind (b). 
section with dashed lines. 
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Fig. 5. Graphical solution to the problem of a change in V,,,, with constant initial conditions in each 
section of the highway (Case 1: “D and d light”): (a, b) partial solution; (c, d) final solution. 
continuous since a different density-flow relationship is valid on the other side. We can solve this 
problem by thinking of the t-axis as a shock where variables can be discontinuous. Since the slope 
of the t-axis is zero, this shock has zero speed and therefore, by equation (4), we must have a 
continuous flow F, = F_ (this is the right condition at this transition point since, obviously, a 
person there will see the same number of cars passing on both sides of this point, although the 
density will change because cars can move faster ahead and therefore they will spread out more). 
When we try to satisfy this condition, another problem emerges: there are two densities in the 
F-curve that have the flow f(d). These are represented by the points P and Q in Fig. 5(a). Which 
is the appropriate one to our problem? If we choose the density corresponding to the point Q, the 
characteristics leaving the t-axis into the first quadrant will have a negative slope. We cannot allow 
this on physical grounds, since this would mean that we can affect the past by changing the 
conditions in the present. Therefore the density defined by the point P is the only one possible. In 
Fig. 5(d) we have completed the x-r plane for this case, with the help of Fig. 5(c). Notice that a 
shock was needed to avoid crossing of characteristics. 
In general, this shock is formed only if F(D) > f(d). [In situations where F(D) < f(d), instead of 
intersecting characteristics, an empty region will appear in the first quadrant, due to the discontinuity 
of the density at the origin (0,O) generating a fan of characteristics.] 
A final remark is in order. We said in the last paragraph that we can consider the r-axis as a 
shock, but it can be easily checked that for this shock p+ < p-, which seems to contradict what 
we stated in the Introduction. What we have to bear in mind is that this shock was not naturally 
formed but was created by the special conditions of the road. 
Case 2. “D and d heavy” 
Now suppose that D and d are in region R3 + R,, in Fig. 3, representing heavy traffic. Similarly 
to the first case, only one set of characteristics (those leaving the positive x-axis) reach the r-axis 
and define on it the flow F(D) [see Fig. 6(b)]. To continue these characteristics into the fourth 
quadrant we must keep, as explained before, the same flow. Again, there are two points [P and Q 
in Fig. 6(a)] on the f-curve having the required flow. Here, we have to reject point P since it would 
define on the t-axis characteristics with positive slope, which on the fourth quadrant would go 
backwards in time. Therefore the density defined by the point Q is now the indicated one, leaving 
a blank region which in Fig. 6(c) was filled with a fan of characteristics. This happens when 
F(D) > f(d) [if F(D) < f(d) the fan will be replaced by a shock]. 
There is another way to check that point Q is the correct choice. If we take D very close to pmnx, 
the traffic ahead will be almost completely stopped and therefore we expect that behind this 
transition, we will also have very heavy traffic represented by Q. 
A different subcase is obtained if D is within region R3 of Fig. 3 since, as can be seen in Fig. 
7(a), there is no density in the f-curve which will have the required flow F(D). Therefore the 
characteristics that come out from the positive x-axis which carry this impossible condition cannot 
reach the r-axis, as is shown schematically in Fig. 7(b). What condition then has to be imposed on 
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Fig. 6. Graphical solution for Case 2 (“D and d heavy”): (a, b)auxiliary drawings; (c)final solution. 
the t-axis? If we think for a minute, we can arrive at the conclusion that the real restriction that 
the characteristics in the first quadrant impose on the t-axis is: “the flow should be at most F(D)“. 
Since the characteristics in the fourth quadrant do not imply further restrictions, the t-axis will 
have the maximum allowable flow from downstream, i.e. f,... With this condition, a shock will be 
formed in the first quadrant and a fan of characteristics will fill up the fourth one, as is shown in 
Fig. 7(c). The -*--- line shows the trajectory of a typical car in this flow. 
Case 3. “D light and d heavy” 
When D represents light traffic and d heavy traffic, there are no characteristics reaching the 
t-axis, as can be seen in Fig. 8(b). However, the details to fill up the x-t plane are exactly the same 
as in the previous case, obtaining in this way Fig. 8(c). This figure is typical if D is in region Rz of 
Fig. 3. If instead, D is in region R, , a second fan of characteristics will appear in the first quadrant 
replacing the shock of Fig. 8(c). 
Case 4. “D heavy and d light” 
Finally, when D represents heavy traffic and d light traffic, the two sets of characteristics (one 
from the positive x-axis and the other from the negative x-axis) will get to the t-axis to prescribe 
a flow, as can be seen in Fig. 9(b). Which of these do we choose? We can argue that, similarly to 
Case 2, the restrictions that these characteristics give to the t-axis are: “the flow should be at most 
F(D)” and “the flow should be at most f(d)“. Therefore, it seems reasonable to take on the t-axis 
a flow which is the minimum between F(D) and f(d). With this, the characteristics carrying this 
minimum flow will reach the t-axis and will change the other quadrant accordingly. This was done 
in Fig. 9(c). If we try to bring the characteristics which do not carry the minimum flow up to the 
x 
x 
F(D) 
(a) (b) 
Fig. 7. Same as Fig. 6, but a different subcase. 
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Fig. 8. Graphical solution for Case 3 (“D light and d heavy”): (a, b) auxiliary drawings; (c)final solution. 
t-axis, the x-c diagram will be impossible to complete, as shown in Fig. 9(d) (the two states in the 
first quadrant of this figure can be connected only with a shock of negative slope and therefore 
this type of transition is not possible in the first quadrant). 
As a final comment, we observe that if F(D) > f(d), the shock in Fig. 9(c) will appear in the first 
quadrant instead of in the fourth. 
The results obtained for these four cases [Figs 5(d), 6(c), 7(c), 8(c) and 9(c)] can be interpreted to 
describe how the flow pattern will change in each case. Here we will only do this for the case 
shown in Fig. 7(c) which can be thought of, for example, as a transition from an uphill (“slow”) to 
a downhill (“fast”) section and where initially we have heavy traffic (heavier on the uphill section). 
For this purpose, we have added to Fig. 7(c) the trajectory of a car (-.--) which starts on the 
uphill part of the road. At the beginning the speed of this car will be quite low, due to the high 
density of cars in that section. After this, and before getting to the top of the hill, the driver will 
experience a gradual reduction in traffic density and therefore he will be able to increase his speed 
gradually. When he gets finally to the top, he will find that the density on the first portion of the 
downhill side is low and thus speeds up instantaneously. Eventually he will meet with the shock 
which means that he has caught up with the group of heavy traffic ahead and he will be forced to 
slow down again. 
B. Stationary Solutions 
It is interesting to analyze the solutions we obtained for very long times. We can observe that 
all of them will approach a steady state: Fig. 5(d) will tend to the configuration shown in Fig. 10(a); 
Fig. 6(c) will look like Fig. 10(b); for Figs 7(c) and 8(c), the fan of characteristics will open up more 
and more and eventually we will see something very close to what is given in Fig. lo(c); finally, 
Fig. 9(c) will also have a steady state as in Fig. 10(b) [or in the case where the shock appears in 
the first quadrant, Fig. 10(a)]. 
x x 
x 
F t t t 
(a) (b) (c) (d) 
Fig. 9. Graphical solution for Case 4 (“D heavy and d light”): (a, b) auxiliary drawings; (c)final solution; 
(d)illustration of the wrong way to proceed. 
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The important property that Figs lO(a-c) have in common is that the flow in both sections of 
the road are equal. Therefore we can see these cases as those in which, by coincidence, the initial 
densities prescribed on both sides, correspond exactly to the same flow. 
Considering Fig. 1 l(a), to keep a constant flow F, along the highway, we could start in the upper 
part (X > 0) with either of the densities represented by the points 1 and 2,and, to match their flow, 
in the lower part (X < 0) with one of the two represented by the,points, I and II. Figure lo(a) 
corresponds to the choices 1 and I and Fig. 10(b) to the choices 2 and II. Why did we not obtain 
the combinations (1, II) and (2,1), illustrated in Figs 11(b) and 11(c), respectively? Instead we 
obtained the configuration shown in Fig. lo(c). 
The situation presented in Fig. 1 l(b) does not correspond to the type of problems we are studying. 
It represents the solution to the more restricted case, in which we impose at the transition point 
(x = 0) the same flow F, that the initial conditions have. If, as we have done, we leave this restriction 
out, the traffic will try to maximize its flow and the real pattern will be the one shown in Fig. 8(c), 
which in turn will have a steady state as in Fig. lo(c). me reader who is not convinced of this, 
should try to visualize the extreme situation in which F, = 0 initially, with p = 0 in x > 0 and 
P = Pmax in x < 0. Obviously, this distribution will not remain steady as is suggested by Fig. 1 l(b), 
unless there is, for example, a red light at the transition point. What wiil happen is that the cars 
will start moving, which is well-represented by Fig. 8(c).] 
On the other hand, the situation given in Fig. 1 l(c) could exist, but it is kind of unstable (within 
the special initial conditions we are considering). If instead of starting with densities represented 
by the points 2 and I, we take initial conditions very close to these, which fall into Case 4 above, 
x 
(a) (b) 
Fig. IO. Possible stationary solutions. 
(a) (b) (cl II 
Fig. 11. Diagram (a) suggests two more stationary solutions: (b,c). Nevertheless, these are not attainable 
within the type of situations discussed here. 
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we know that a shock will be formed either in the first or fourth quadrant, altering completely the 
flow pattern and reaching eventually the configurations of Figs lO(a, b). 
C. A Real Problem 
To conclude this section on problems in which u,,, is different in a portion of the road, we will 
consider a more realistic problem. Suppose that we have a uniform density D of cars along a road 
and that heavy rain begins to fall on a portion of it (here taken to be -l/2 < x < l/2), forcing the 
traffic to slow down. We assume further that after a period of time T, the rain stops and the 
conditions of the road return to normal. We therefore have a situation in which the region 
-l/2 < x < l/2, 0 < t < T has a reduced flow-density relationship. 
The x-t plane representing this problem, in the case when the initial density D is light, is given 
in Fig. 12(c). At the transition point x = l/2, we have the case shown in Fig. 5(d) and therefore the 
qualitative form of the solution should be the same. Similarly, at the transition point x s -l/2, we 
have the case shown in Fig. 7(c) but reflected on the t-axis, and thus the type of solution for this 
lower region can be copied from this figure. In this way we can draw the characteristics for times 
c T [the plots in Figs 12(a, b) help to do this more preciselyJ. At the time T, the vertical line 
between x = -l/2 and x = l/2 represents a transition boundary to normal conditions, across which, 
we must have a continuous density of cars [this is a very natural condition which simply says that 
the distribution of cars stays the same from T- to T+, but can also be derived from equation (4) 
if we think of this boundary as a shock of infinite speed]. Once the characteristics leaving the 
vertical line t = T are drawn, we end up with two empty regions which can be filled with two fans 
of characteristics. The lower fan will make the shock below it curve upward since this shock meets 
the characteristics of the fan carrying lower and lower densities p+ , which makes the slope of the 
shock turn counterclockwise, as shown in Fig. 12(b). 
D D- 
I (a) (b) ‘+ . 
-t 
Fig. 12. Diagrams (a, b) are auxiliary drawings to find the solution (c) to the problem of heavy rain falling 
on a portion of a highway. 
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The x-c plane representing the case in which the initial density D is heavy, can be obtained by 
reflecting Fig. 12(c) on the c-axis. 
Interpreting the solution in Fig. 12(c), we can see that a region of very light traffic will be formed 
ahead of the rainy portion and a region of heavy traffic will be formed behind. Both regions will 
grow as long as the rain continues to fall. A little after the rain has stopped, the region with heavy 
traffic will see a gradual decrease in the density of cars, and at the same time will be reduced in 
size until eventually there will be no trace of it. The only indication that will be left of this rainy 
period is that, far upstream, a driver will find a decrease in the density of cars and then a shock 
returning him back to the initial conditions he started in. 
On the other hand, if we start with heavy traffic [Fig. 12(c) upside down] the region with light 
traffic, ahead of the rainy portion, will disappear; but the signal that there was trouble ahead will 
be carried by the shock in the top plane (passed to the lower plane by the reflection) which will 
make the cars slow down far downstream. 
3. CHANGE IN pmsx 
A second type of problem arises when, for some reason, the maximum possible density prnax in 
a portion of a highway changes with respect o the rest. A typical example of this situation would 
be a road construction blocking part of the lanes of a highway. 
The most natural way to approach problems in which there are several lanes of traffic is to 
associate different density functions p 1, p2, . . . . , with each of the lanes and to write equations for 
these variables similar to equations (l)-(3) but which include also the dynamics of changing lanes. 
This will result in a system of partial differential equations. Here, however, we will use a different 
approach along the same lines as the one followed previously. For this we will associate with the 
special portion of the highway a different flow-density relationship, reflecting this change in pmax. 
For example, if a lane is blocked on a three-lane highway, the maximum density will be reduced 
by one-third. This is shown graphically in Fig. 13. In this type of situation we also expect that the 
maximum speed I&,,, which corresponds to zero density, will not suffer any changes in the special 
portion of the highway and, consequently, the two curves of Fig. 13 should have the same slope 
at the origin. 
It is obvious that this second approach cannot give details of the flow in each of the different 
lanes and it is more restrictive in the sense that it has a fixed mechanism for changing lanes, but 
it has the advantage of being simple enough to obtain the solutions rather easily. In a way, we can 
view this model as one describing the total density of all the lanes and in which we have an 
instantaneous uniform distribution of the cars on the available lanes. 
A. Infinite Section 
As was done in the first part of this paper, in which we focused our attention on problems where 
there is a change in V,,,, here also we will first analyze the situation in which the special section 
of the highway is infinite in length. We will discuss only the solutions for configuration (a) 
i / 
Slope = V,,, 
Fig. 13. Flow-density diagrams showing a reduction of the maximum density. 
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of Fig. 4, in which the section with the broken line is associated with a reduced pmaxr as shown in 
Fig. 13 [the solutions to the reverse configuration (b) are mirror images of the corresponding cases 
of configuration (a)]. 
We again assume for simplicity the following initial conditions: the density will be constant in 
each of the two portions of the road with p = D in the normal section and p = d in the section 
with reduced pm_. 
The description of the solutions of the four cases that follow will be given very briefly since these 
are identical in form to the ones obtained before. 
Case 1. “D and d light” 
This case can be treated similarly to Case 1 in the previous section, obtaining an x-t diagram 
of the same form as the one shown in Fig. 5(d) if F(D) > f(d). If instead F(D) <f(d), the shock 
will be replaced by a fan of characteristics. 
Case 2. “D and d heavy” 
In this case we obtain a solution of the type shown in Fig. 6(c) when F(D) -c f,,,, where f,,= is 
the maximum flow possible in the section with reduced pmax (see Fig. 13). The fan of characteristics 
in Fig. 6(c) will appear if, in addition, f(d) < F(D) and a shock will take its place if f(d) > F(D). 
When f(D) > fmax the solution is of the form given in Fig. 7(c), independently of the relation of 
f(d) and F(D). 
Case 3. “D light and d heavy” 
The typical solution for this case is illustrated in Fig. 8(c). The shock in the first quadrant appears 
when F(D) > f,., and is replaced by a fan of characteristics if F(D) < f,_ 
Case 4. “D heavy and d light” 
This case is similar to Case 4 of the previous section. The form of the solution obtained is shown 
in Fig. 9(c) if F(D) <f(d). When the opposite inequality holds, the shock will move to the first 
quadrant. 
B. A Real Problem 
To see how the simplified approach proposed here can be applied, we present the solution of a 
real situation using these ideas. Let’s suppose there is a convoy of trucks on a lane of a three-lane 
highway moving along with the traffic and that suddenly (at t = 0) the whole convoy reduces its 
speed to half for some time. Using the appropriate cases to draw the characteristics we obtain the 
configuration shown in Fig. 14(b) (the location of the convoy is delimited with dashed lines). From 
this figure we see that the main effect of this slow down is the formation of two shocks. One ahead 
of the convoy which produces light traffic and another behind the convoy producing heavy traffic. 
When the convoy once again moves along with the rest of the traffic these effects will tend to 
disappear gradually. 
4. DISCUSSION 
We have presented here a simplified approach to solve a type of traffic flow problems in which 
a portion of the road has a different surface condition. For this, we have used the theory of traffic 
flow developed by Lighthill and Whitham [l] with some added features to suit these special 
problems. 
The main idea of this paper is to associate a different flow-density relationship with each portion 
of the highway. In some cases, the conditions force the cars to slow down or to speed up, so the 
maximum speed of the flow-density relation is decreased or increased. In others, the maximum 
capacity of the road is changed, so pmax is changed accordingly. 
We have analyzed here some typical problems of this type, starting with those that have very 
simple initial conditions and ending with a problem that can describe a real situation. Even for 
the simplest problems, these differences in the flow-density relationship raise some very interesting 
. 
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(b) 
Fig. 14(a, b). Solution to the problem of a convoy of trucks slowing down on a highway. 
questions as to how to connect the characteristics of the two different regions that form. We have 
also presented the steady-state solution for these problems and discussed the possibility of some 
of them being unstable. 
There are other approaches that can be applied to this type of problem and can give more details 
on their solutions. Nevertheless the method presented here is very natural and, in general, gives 
excellent results. For a description of the various ways of describing traffic, the reader is referred 
to, for example, Gazis [4,5]. 
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